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ABSTRACT. It is shown that, for a minimal and integrable action of a locally
compact quantum group on a factor, the group of automorphisms of the factor
leaving the fixed-point algebra pointwise invariant is identified with the intrin-
sic group of the dual quantum group. It is proven also that, for such an action,
the regularity of the fixed-point algebra is equivalent to the cocommutativity
of the quantum group.

1. INTRODUCTION

When given an action « of a locally compact quantum group G on a von Neu-
mann algebra A, one may associate to it the subgroup Aut (4/A%) of all automor-
phisms of A leaving the fixed-point algebra A® invariant pointwise. Let us call
this subgroup “the Galois group of «”. As [1l, Theorem III.3.3] suggests, it would
sometimes happen (or be expected) that the Galois group carries an important
piece of information on the quantum group G itself. With this philosophy in mind,
we started in [I7] to investigate Galois groups of minimal actions of compact Kac
algebras on factors by making good use of the Galois correspondence established
by Izumi, Longo and Popa [7]. In [20], we succeeded in describing the Galois group
of any minimal action of a compact Kac algebra as the so-called intrinsic group
of the dual discrete Kac algebra. This extended the result of [I] cited above. As
an application, we were able to show that, if the quantum group in question is
finite-dimensional, then its cocommutativity is equivalent to the regularity of the
fixed-point algebra. Our main goal of this paper is to extend these results to a
larger class of locally compact quantum groups, not only compact Kac algebras. If
we try to achieve this goal exactly along the line carried out in [I7] and [20], then
a Galois correspondence for a (minimal) action of a more general locally compact
quantum group would certainly be needed. At the moment, it seems that the re-
sults of Enock in 4] would answer this purpose. Unfortunately, there are however
a few mistakes in his proofs, and, to the best of the author’s knowledge, they have
not been restored yet. So we cannot apply Enock’s Galois correspondence to the
situation we will consider in this paper. Therefore, we will adopt a new approach
here that does not resort to any Galois correspondence.
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The outline of this paper is the following. In Section 1, we fix the notation used
in the whole of our discussion. Basic facts about locally compact quantum groups
(in the sense of Kustermans and Vaes) and their actions on von Neumann algebras
are collected. In Section 2, we will prove that the Galois group of a minimal,
integrable action of a locally compact quantum group G is topologically isomorphic
to the intrinsic group of the dual G. Section 3 is concerned with regularity of the
fixed-point algebra of a minimal, integrable action. We prove that the regularity
considerably determines the structure of the quantum group. Namely it is shown,
with some exception, that the fixed-point algebra is regular if and only if the locally
compact quantum group under consideration is cocommutative. In Section 4, we
make a few remarks on the Izumi-Longo-Popa Galois correspondence. One of them
concerns an explicit formula for the inverse map of their Galois correspondence.
Finally, we include an Appendix for some auxiliary results which are applied to the
argument made in Section 3.

The author is grateful to Professors Michel Enock and Stefaan Vaes for having
informed him that there are mistakes in some proofs in [4]. He is also indebted to
Professor Masaki Izumi for indicating an error in the earlier draft of the manuscript.

2. TERMINOLOGY AND NOTATION

Given a von Neumann algebra A and a faithful normal semifinite weight ¢ on
A, we introduce the subsets ng, mg and m;f of A by

ng={recA: ¢(z'z) <oo},  my=ning, mf=myNA;.

The standard (GNS) Hilbert space obtained from ¢ is denoted by H,. We use
the symbol Ay for the canonical embedding of ng into Hy. The modular objects
such as the modular operator, the modular conjugation, the S-operator, the F-
operator, the modular automorphism group, etc. associated to ¢ are denoted by
Ve, Jo, Ss, Fy, 0%, respectively. (Since we follow the notation employed in [10],
the symbol V will be used to denote the modular operator of a weight.) The set of
unitaries in A is denoted by U(A). For a von Neumann subalgebra B of A, define
N(B) :={u € U(A) : uBu* = B} and call it the normalizer (group) of B in A.

We let B(H) stand for the algebra of all bounded operators on a Hilbert space
H.

2.1. Locally compact quantum groups.

Definition 2.1. Following [10] (see [9] also), we say that a quadruple G = (M,
A, @, ¢) is a locally compact quantum group (in the von Neumann algebra
setting) or a von Neumann algebraic quantum group if

(1) M is a von Neumann algebra;
(2) A is a unital normal injective *-homomorphism from M into M ® M sat-
isfying (A ® id) o A = (id @ A) o A;
(3) ¢ is a faithful normal semifinite weight on M such that
Pl D) (B@) = plaholl) (Mo € MY, o€ mb)
(4) 7 is a faithful normal semifinite weight on M such that

Y((id @ w)(A(z))) = Y(x)w(1) (Vw € M, Vx € m;r)
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Let us fix a locally compact quantum group G = (M, A, ¢, ¥) throughout the
rest of this section. We will always think of M as represented on the GNS-Hilbert
space H, obtained from ¢. By the left invariance of ¢, one gets a unitary W(G)
on H, ® H, characterized by

W(G)" (Ap(z) @ Ap(y)) = Apwe(Aly) (z © 1)) (z,y € ny).

This unitary is called the Kac-Takesaki operator of G, and is denoted simply by
W if there is no danger of confusion. The modular operator and the modular
conjugation of ¢ will be denoted simply by V and J. The unitary antipode, the
scaling group and the scaling constant of G are respectively denoted by R, {7t}+cr,
v (>0). As in [10], we assume that ¢y = p o R.

Accordmg to [10], there canonically exists another locally compact quantum
group G= (M A, P, 1/)) called the locally compact quantum group dual to G such
that {M H¢} is a standard representation. So we always regard M as acting on H.,.
In fact, M is by definition the von Neumann algebra generated by {(w@id)(W) :
w € M,}. The mapping A\: w € M, — (w®id)(W) € M is called the left regular
representation of G. There is a canonical identification (= the Fourier transform) of
H, with H,. So we consider the modular operator and the modular conjugation of
¢, denoted by V and J, as acting on H,. The unitary antipode, the scaling group
and the modular element of G are denoted respectively by ]:2, T, 5. We say that
G is compact if ¢(1) < co. In this case, we agree to take ¢ to be a state. We say
that G is discrete if G is compact. For the definitions of locally compact quantum
groups such as the commutant G’, the opposite G°P etc., we refer the readers to
[10, Section 4].

It is known that every locally compact group I' canonically gives rise to a com-
mutative locally compact quantum group whose underlying von Neumann algebra
is L*°(I"). We denote it by G(I'). The underlying von Neumann algebra of the
dual (@(F) is the group von Neumann algebra of I' generated by the left regular
representation of I'.

We denote by IG(G) the set of all unitaries u € M satisfying A(u) = u ® u.
The group IG(G) is called the intrinsic group of G. Next define G(G) to be the
group of all automorphisms 8 of M such that (8 ® id) o A = Ao S. By [2] (see
[19] also), I G(@) is topologically isomorphic to G(G) through the mapping: v €
IG(G) — B, := Adv|y € G(G). Here IG(G) is endowed with the strong-operator
topology, and, for a general (separable) von Neumann algebra P, we consider on
the automorphism group Aut (P) of P the topology of simple convergence on the
predual. It is known that v is the canonical implementation of G,.

We say that N C M is a right co-ideal (von Neumann subalgebra) of G if N
is a von Neumann subalgebra of M satisfying A(N) C N ® M. Thanks to [4]
Théoreme 3.3], we know that N C M is a right co-ideal of G if and only if one has

(2.1) N=Mn(MnNY.

A (left) action of G on a von Neumann algebra A is a normal injective unital
s-homomorphism « from A into M ® A satisfying (idy; ® @) o = (A ®idy) o
(IT6).

Fix an action « of G on a von Neumann algebra A. By [16, Proposition 1.3], the
equation

Ta(a) = (Y @id)(a(a))  (a € Ay)
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defines a faithful normal operator-valued weight T, from A onto A%* := {a € A :
ala) = 1 ® a}, the fixed-point algebra A* of a. We call T, the operator-valued
weight associated to the action a.

The crossed product of A by the action « is by definition the von Neumann
algebra generated by a(A) and M ® C. We denote it by G ,x A. By [16, Propo-
sition 2.2], there exists a unique action & of G°P on G o x A, called the dual action
of «, such that

(Gax A =a(4), aze1)=A”z®1 (2eM).

For every faithful normal semifinite weight ¢ on A, by using the operator-valued
weight Ty associated to the dual action &, the equation

¢:=goatoT,

defines a faithful normal semifinite weight ¢ on G ox A. The weight ¢ is called the
dual weight of ¢. The Hilbert space H 3 1s identified with H, ® Hyg. The unitary
Uy on H, ® Hy defined by

Uy := Jé(J@ Js)
is called the canonical implementation of a (see [16]). It satisfies
a(a) = Up(1® a)Ug (a € A).

By [16l Theorem 2.6], there is a unital x-isomorphism © from the double crossed
product G 4 x (G ox A) onto B(H,) ® A, and an action & of G on B(H,) ® A
such that

a:=AdXV'E®1)o (0 ®ida)o (idpm,) ® a),
(Ad(JJ)®O)od =do0,

where V := (J@ J)SW*S(J® J) and ¥: H, ® H, — H, @ H, is the flip. We call
& the stabilization of .

We say that the action « is integrable if T, is semifinite. The action « is said to
be minimal if AN(A%)" = C and the linear span of {(id®w)(a(a)) : a € A, w € A,}
is o-weakly dense in M.

Finally, G is called a Kac algebra if 7, = id and 0% = o¥. For the general theory
of Kac algebras, refer to [6].

3. REALIZATION OF INTRINSIC GROUPS IN AUT (A/A%)

Given a von Neumann algebra P and a von Neumann subalgebra @ of P, we
define Aut (P/Q) to be the group of all automorphisms of P leaving @ invariant
pointwise.

Let G = (M, A, ¢, ¥) be a locally compact quantum group. Suppose now that
we have an action a of G on a von Neumann algebra A. Throughout this paper, A
is always assumed to be a non-type I, factor (n € N).

The mapping considered in the following proposition is essentially observed by
Enock and Schwartz in [B] as a special case of their constructions of certain mor-
phisms associated to an action of a Kac algebra. The mapping is still defined even
for a general locally compact quantum group.
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Proposition 3.1. There exists a unique continuous homomorphism from G(G) into
Aut (A/A%) such that, with 6g the image of B € G(G) under this homomorphism,
we have

(B®id)oa=aobg.

If the action o enjoys the property that the linear span of {(idy @ w)(a(a)) : a €
A, w € A} is o-weakly dense in M, then the above homomorphism is injective.
Proof. Let 5 € G(G) and a € A. Set X := (8 ®ida) oala) € M ® A. Then

(idy @ a)(X) = (idpy @ @) o (B®1ida) o afa)
= (B®idy ®ida) o (idy ® &) o afa)
=(f®idy ®ida)o (A®ida) o ala)

=(A®ida)o (B®ida)oala) = (A®ida)(X).
From [L6l Theorem 2.7], there exists a unique element 6g(a) € A such that
(3.1) (B®ida)oafa) =X = a(fs(a)).
It is easy to check by using (3.I) that 6 is a homomorphism from A into itself.
Moreover, one can easily verify that 03,3, = 03, o 03, and 6;; = id. Hence 63 is
an automorphism of A. That the restriction of g to A% is the identity follows
also from (31]). Thus the mapping 3 € G(G) — 63 € Aut (A/A%) is indeed a
homomorphism. Because of (3.0]), we find that (3 ®ida)|a(a) is an automorphism.
With this in mind, 63 has the form
05 = alo (ﬁ X idA)|a(A) o Q.

Hence 3 — 63 is continuous.

Now suppose that the linear span of {(idy ® w)(a(a)) : a € A, w € A} is
o-weakly dense in M. If 3 = id, then (BI) implies that § is the identity on
{(idy @ w)(a(a)) :a € A, w € A.}. So § = id. Consequently, the homomorphism
in question is injective. O

Lemma 3.2. Let 8 be an automorphism of M such that there is a 0 € Aut (A)
such that (8 ® id) o« = awo 0. Suppose that the linear span of {(idy ® w)(a(a)) :
a € A, w € A} is o-weakly dense in M. Then (3 belongs to G(G), and one has
6 =03.

Proof. Note first that, if € is an automorphism as above, then it automatically
belongs to Aut (A/A%). Therefore, it suffices by Proposition B] to show that
belongs to G(G).
Let a € A and w € A,. Then we have
(B®idpr) o A((idpr @ w)(a(a)))

= (ﬁ ® ZdM) o (ZdM Ridy ® w) o (A ® sz)(a(a)))
(idp ®@idy @ w) o (B®idy ®ida) o (idpy ® a)(a(a))
(idM R idy ® w) o (ZdM ® a) (ﬂ ® idA)(a(a))
(tdp ® idpy @ w) o (idy ® a) o a(b(a))

)o(

(a

= (idpy ®idy @ w) o (A®ida) o a(f(a))
= Ao f((idy ® w)(a(a))).
From our assumption on «, it follows that § satisfies (8 ® id) o A = Ao . O
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Let ¢ be the trivial action of G on C. Namely, ¢ is the mapping from C into
M ® C defined by t(c) ;== 1® ¢ (¢ € C). Then the crossed product G, x C is
(canonically isomorphic to) M , and the dual action 7 is the coproduct A°P. It is
also clear that the dual weight of ¢t corresponds to ¢. In this case, the stabilization
7 of ¢ has the form i(z) = ¥V*3(1 ® )XV for any « € B(H,). Therefore, we
obtain

(3.2) alzel)=i(r)®1
for any « € B(H,).
Lemma 3.3. Let z be in B(H,) such that z® 1 € G ox A. Then z belongs to M.

Proof. Let z be an element as above. Since (B(H,) ® A)* = G, x A, we have
a(z®1) =1®z® 1. On the other hand, by (82), we have a(z ® 1) = i(z) ® 1.
Hence we obtain i(z) = 1 ® 2. Since B(H,)" = M, z must belong to M. O

Lemma 3.4. Suppose that o is minimal, Then we have a(A)' N B(H,) ® A =
M @ C.

Proof. It is clear that M’ ® C is contained in «(A)' N B(H,) ® A. Take any
T € a(A) N B(H,) ® A. Since T particularly commutes with any element of
a(A%) = C® A?, it follows from the minimality of « that T belongs to B(H,)® C.
So it has the form T'=y ® 1 for some y € B(H,). If a € A and w € A,, then we
have

y(id@w)(a(a)) = (d@w)(Tala)) = (id @ w)(a(a)T) = (id@w)(ala))y.
By minimality of o, ¥ must be in M’. O

Since (G, x A)% = a(A), it follows from Proposition Bl that there exists a
continuous homomorphism 3 € G(G) — 0 € Aut (G, x A/a(A)) satisfying
(B®id) o & = & obg. Since & enjoys the property mentioned in Proposition BI]
the homomorphism 5 +—— 63 is injective in this case.

Lemma 3.5. If the action a is minimal, then the homomorphism (3 € g(@op) —
05 € Aut (G o x A/a(A)) is a topological isomorphism.

Proof. Let 6 be in Aut (G o,x A/a(A)). If z € M and b € A®, then
0(z2 1)(1®b) =0(z® 1)ab) = 0((z® 1)a(b)) = (2 ® b)
= 0(a®d)(z1) = (1 b)0(z®1).
This shows that 8(M ® C) C (C ® A*)' = B(H,) ® (A®)'. From this, we obtain
9(M © C) C B(H,)® {AN(A%)'} = B(H,) ® C.
Hence, for any z € M, there is a unique By(z) € B(H,) such that
(3.3) 0(z®1) = By(2) ® 1.

Thanks to Lemma B3], 8p(z) belongs to M. Due to B3), it is easy to see that Sy

is an automorphism of M, and that (3,0, = 8o, © Be,, Bia = id.
If a € A, then

(3-4) (Bo @ id)(a(a(a))) = (By @ id)(1 @ afa)) = 1@ a(a) = &(0(ala))).
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Fix a faithful normal semifinite weight w on A, and regard A as represented on
H,. Let J,, be the modular conjugation of the dual weight @ and U the canonical
implementation of o on H, ® H,. So U = jw(J ® Ju). Choose the canonical
implementation unitary V of § on H, ® H,,. Then we have V € a(A)’. Since V
commutes with .J,,, we also have V € jwoz(A)’jw = (C® J,AJ,) = B(H,)® A.
It follows from Lemma B4l that there exists a unitary v € M’ such that V = v ® 1.
Therefore we have (g(z) = vzv* for any z € M. By [12, Proposition 1.9], which is
valid also for any locally compact quantum group, we see that rv belongs to IG(G')
for some r € C with |r| = 1. Since both V and rV are the canonical implementation
of 0, we must have r = 1. So v is in IG(G’). It follows that By belongs to g(@op).
Let z € M. Then we have

AB(z ® 1)) = a(fo(2) © 1) = AP(Bp(2)) ® 1
= (By@id) o AP(2) ®1 = (Bp ®id) 0 &(z ® 1).

From this, together with B4l), we get (8p ® id) o & = & 0 0. By Lemma B2, we
find that 6 = 63,. Thus we have shown the surjectivity. The inverse map is also
continuous due to ([B3]). O

Theorem 3.6. If « is a minimal, integrable action of a locally compact quantum
group G = (M, A, ¢, ¥) on a factor A, then there exists a topological isomorphism
B € G(G) — bg € Aut (A/A%) with the property (8 ®id) o v = a0 bg.

Proof. If A% is infinite, then, by [16, Proposition 6.4], « is a dual action. Hence
the assertion follows from Lemma

To deal with a general case, take a (separable) infinite factor L, and put A :=
L ® A. Also define & := (¢ ®id) o (id, ® ), which is an action of G on A with
A% = L® A% infinite. Remark that Aut (A/A%) = {id;, ®6 : € Aut (A/A%)}. Let
6 € Aut (A/A%). By the previous paragraph and the above remark, there exists
0 € G(G) such that (®id)oa = a@o(id,®6). But this yields (f®id)oa = awof. O

4. REGULARITY OF A“ IN A

As in the previous section, let « be a minimal action of a locally compact quan-
tum group G = (M, A, ¢, 9) on a factor A.

We represent A on a (separable) Hilbert space K so that {A, K, J4} is a standard
representation. Let u € N'(A%). Then the restriction of Adu to (A%)’ clearly defines
an automorphism 6,, in Aut ((A*)’'/A’). The homomorphism u € N (A%*) — 6, €
Aut ((A%)' JA") obviously has U(A%) as its kernel. The basic extension for A* C A
is denoted by A;. So we have A1 = Ja(A*) Ja. If A® is infinite, then so is A.
Thanks to [3, Corollaire 1], we may then choose the above Hilbert space K in such
a way that there is a unit vector £y € K that is cyclic and separating for both A
and A®. Let J then denote the modular conjugation of A associated to &p.

Lemma 4.1. Suppose as above that A% is infinite. Then the homomorphism
u € N(A%) — 0, € Aut ((A*)'/A") defined above is surjective, that is, it has
Aut ((A*)' /A" as its image.

Proof. Let 6 be in Aut ((A~)'/A"). Since {(A“)’, K} is a standard representation,
there exists a unitary v on K such that 6 = Adv|(a«),. Since 6|4 = id, v belongs
to (A") = A. It is easy to see that v is in N (A%). We clearly have 6 = 6,. O
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Remark. If A is finite and G is finite-dimensional (so that the Jones index [A : A]
is finite), then it follows from [11], Proposition 1.7] that the map u € N(A%) —
0., € Aut ((A¥)'/A’) is surjective.

From now on, we assume that « is minimal and integrable (A is not necessarily
infinite). Fix a faithful normal semifinite weight w on A, and represent A on
H, now. Let U be the canonical implementation of « associated to w. Due to
[16, Proposition 6.2], this assumption is equivalent to the one that « is outer and
integrable. From [I6, Corollary 5.6] and [I6, Proposition 6.2], it follows that the
inclusions

CRA°Ca(d) CGaxA and A°CACA

are isomorphic. According to [16, Corollary 5.6], the isomorphism p: G (x A — A4
is characterized by

(4.1) plafa)) = a (a € A),
(4.2) p((p@id)(W)®1) = (p®id)(U*) (¢ € M,).

Incidentally, Equation [@2) can be rewritten as
(4.3) PN (@)@ 1) = (]I ] ©id)(U) (6 € (M).),

where X stands for the left regular representation of G’ that is given by M (¢) =
)\(j Jo*JJ )*. We will make use of this isomorphism in the discussion that follows.
Since 4; = J,(A%)'J, and A = J,A"J,, Aut ((A*)'/A") is isomorphic to Aut (G o4x
A/a(A)). Thus we obtain a homomorphism from N (A%) into Aut (G ox A/a(A)).
By using the isomorphism p introduced above, it is explicitly given as follows:
u € N(A%) — 0, = p~ ! o Ad (Juud,)| A1 0 p. As we saw in Lemma 1] and the
remark after it, this homomorphism is surjective if A% is infinite or if A is finite
and G is finite-dimensional. But it may not be in general. So our next goal is to
identify its image in detail. For this, first note that, thanks to Proposition[3.5], it is
enough to identify automorphisms 5 € G (@"p) such that 65 = 6, for u € N(A4%).
Moreover, since each 6g has the form 6g = Ad (v® 1) for a unique v € IG(G’) with
B = Adw, it suffices to identify unitaries v € IG(G’) such that Ad (v ® 1) = 6,, for
some u € N(A%).

Proposition 4.2. Let « be a minimal and integrable action of a locally compact
quantum group G = (M, A, p, ) on a factor A.

(1) For any u € N(A%), there exists a unique unitary w(u) € IG(G) such that
a(u)(l®u*) =w(u) 1.
(2) For any u € N(A%), with w(u) in Part (1), we have

0, = Ad (Jw(u)J ®1) =Ad (J @ J,)a(u)(1 @ u*)(J ® J,).
We denote the unitary Jw(u)J in IG(G') by v(u).

Proof. Let u € N(A%).

(1) It is straightforward to check that a(u)(1®u*) commutes with any element of
the form 1®a, where a € A®. So it is contained in M @ AN(C®A*)" = M®C. Hence
there exists a unitary w € M such that a(u)(1®u*) = w®1. Thus a(u) = w@u. By
applying A ® id to both sides of this identity, we obtain A(w) = w ® w. Therefore
w belongs to IG(G). So put w(u) := w.
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. (Z)AChoose B € G(G°P) and v € IG(G') such that 6, = 0 and 3 = Adwv. Since
G’ = G°?, we have B(N(¢)) = XN (vg). Therefore, by (E3), the identity 6, = 83 is
equivalent to the next:
Ad (Joudy,) (JIPJJ @id)(U) = (JJvpJJ @id)(U) (¢ € (M'),).
This is further equivalent to
(JJ @ Joud U(JJ @ Jou*J,) = (JJ @ 1)U(JJv®1).
By using U* = (J ® J,)U(J @ J,,), we can reduce the above identity to
aw)(leu*)=JvJ ®1.
Consequently, we obtain w(u) = JvJ. O
Definition 4.3. Let 8 be an action of G on a von Neumann algebra P. For a

right co-ideal N of G, the intermediate von Neumann subalgebra P(N) of P? C P
associated to N (see [7]) is defined by

P(N):={ze€ P:p(zx) e N® P}.
The following lemma is proven in [4] for the case where G is a Woronowicz

algebra. The claim and its proof are still valid even for a general locally compact
quantum group.

Lemma 4.4 (Proposition 3.5, [d]). Let N be a right co-ideal of G. Then we have
N ={(id®w)(A(z)) :w € M,,a€ N}

Proof. Denote by Nj the right-hand side of the above claim. Clearly we have
Ny CN. Let z € N. For any y € Ni, p € B(H,)+ and w € M,, we have

(p@w)((y ® DA(2)) = py(id @ w)(A(z)))
= p((ld @ w)(A(z))y) = (p @ w)(Az)(y ©1)).

This shows that A(z) is in Ny ® M. Hence A(N) C N; ® M. In particular, N; is
also a right co-ideal of G. Therefore, v := A°P|y, defines an action v of G°? on Nj.
If x € N, then, by the above result, A°?(z) € M ® N;. Moreover, we have

(id ©7)(A%(x)) = (id © AP)(A%(2)) = (A% @ id)(A% (2)).
From [16, Theorem 2.7], it follows that A°(z) belongs to v(N1) = A°P(Ny). Thus
T € Ny. O

Lemma 4.5. Let 8 be an action of G on a von Neumann algebra P. For any
intermediate von Neumann subalgebra Q of P* C P, {(id®@ w)(B(z)) :x € Q, w €
P.}" is a right co-ideal of G. We denote this right co-ideal by Ng(Q), and call it
the right co-ideal associated to Q.

Proof. Let y € Ng(Q)'. For any p, ¢ € B(H,), w € P, and z € @, we have
(y@ DA((id @ w)(B(2))), p® ¢)

(yo)(id®id®w)((id® B)(6(x))), p@ ¢)

(y(id @ (¢ @ w) o B)(B(x)), p)

((id® (¢ ®w) o B)(B(2))y, p)

= (A((td @ w)(B(z)))(y © 1), p® ¢).
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From this, we see that A((id ® w)(8(x))) is included in Ng(Q) @ M. Hence Ng(Q)
is a right co-ideal of G. O

Lemma 4.6. Let 8 be an action of G on a von Neumann algebra P. With the
notation introduced above, we have N = N5((G gx P)(N)) for any right co-ideal
N of Ger. If L is the von Neumann subalgebra of G g P generated by S(P) and
N ® C for some right co-ideal N of G°P, then N@(L) = N.

Proof. Let N be a right co-ideal of GP. It is plain to see that N5((Gpx P)(N)) is
contained in N. Let z € N and p € B(H,).. Since A% (z) € N ® M, we have

Bz®1)=AP(x)®1e N®(Gs x P).
Thus = ® 1 belongs to (G gx P)(N). If w € P, is a state, then
(1d® p)(A(x)) = (id ® p & w)(A%(x) © 1)

— (id® p®w)(Bz©1)) € Ny((G 5% P)(N)).
It follows from Lemma .4 that N is contained in N5((G gx P)(N)). Therefore, we
have proven that N = N;((Gg x P)(V)).
Let L be as above. Take any state ¢ € A,. Then, by Lemma [L4] we have

N = {(id®w)(A°(z)) : 2 € N,w € M,}"
={(id®w® ¢)(AP(z)®1): 2 € N,w € M,}"
={(id®w® ¢)(Bz®1)) 2 € N,we M.} C Ny(L).

In the meantime, L is clearly included in (G gx P)(IN). Hence, by the result of the
previous paragraph, we get N5(L) C N3((G gx P)(N)) = N. O

Lemma 4.7. Let G = (M, A, ¢, ¥) be a locally compact quantum group. Then
M9©) = C if and only if G is commutative.

Proof. If G is commutative, then we clearly have M9(©) = C.

Put N := IG(G)". It is easy to see that N is a two-sided co-ideal (von Neumann
subalgebra) of M (more precisely, of @) Moreover, we have M9©) = M N N’
From [4] Théoréme 3.3] (which is still valid for a locally compact quantum group),

it follows that N = M if M9(©) = C. Then G is cocommutative. O

As explained in Section 1, the mapping v € IG(G') — Adv|;; € G(GoP) is

a topological isomorphism. Let 3, € G(G°P) stand for the image of v € IG(G')
under this isomorphism.

Theorem 4.8. Let o be a minimal and integrable action of a locally compact quan-
tum group G = (M, A, p,v) on a factor A. We set P := N(A®)" and define
Py to be the basic extension of P C A, i.e, P, == J,P'J,. With the isomor-
phism p: G xA — Ay, put Q1 := p~1(P1). Let w(-): N(A%) — IG(G) and
v(-): N(A¥) — IG(G') be the maps obtained in Proposition [{.2

(1) The maps w(-), v(-) are continuous homomorphisms with U(A%) their ker-
nel.
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(2) We have
Ql = (G aX A){Qu: U’EN(A&)} — (G WX A){G[jv(u) ueEN (A%}
= (G ax A) (M BoeueN (AN}
(3) We have Na(Q1) = M Bo(uy: uEN (A}

Proof. (1) This is straightforward.

(2) With the original definition of 6, (u € N(A%)), we clearly have that
(Al){(’“’UEN(AO)} = P;. So we get the first equality of our assertion. By Propo-
sition (2), we have 6, = B, which yields the second equality. The last
equality follows from the fact that 8 always satisfies (8 ® id) o & = & o 03 due to
Proposition [3.1]

(3) This follows from Part (2) and Lemma [£.6] O

Let P C @ be an inclusion of von Neumann algebras. If the normalizer group
N(P) of P in Q generates @, we say that P is regular in Q.

The next theorem is a direct generalization of [20, Theorem 3.6], where we treated
only the case where G is finite-dimensional.

Theorem 4.9. Suppose that o is a minimal and integrable action of a locally
compact quantum group G = (M, A, ¢,v) on a factor A.

(1) If A is regular in A, then G is cocommutative.
(2) If A> is infinite, or if A is finite and G is finite-dimensional, then the
cocommutativity of G implies the regularity of A in A.

Proof. Retain the notation employed in Theorem [£.8]
(1) Suppose that A% is regular in A. Then @1 = a(A). By Theorem [L§] (3), we
get
M {v(u): ue N(A*}Y = MPeeoweNAND} — ¢,

In particular, M N {w(u) : v € N(A*)} = C, because we have JMJ = M in
general (see [I0]). Since {w(u) : u € N(A*)} is a two-sided co-ideal of G, it
follows from (1) that

{w(u) : ue N(AY = M (M0 {w): ueN(AY)}Y) = M.

Hence G is cocommutative.

(2) Assume that A® is infinite, or that A is finite and G is finite-dimensional.
Let v € IG(G'). Tt follows from the proof of Lemma that Ad (v ® 1) is in
Aut (G ox A/a(A)). By assumption, it also follows from Propositionf2land the dis-
cussion preceding it that u € N(A%) — 6, = Ad (v(u) ® 1) € Aut (G ox A/a(A))
is an isomorphism. Hence there is a unique u € N (A%) such that

Ad(v®1) =0, =Ad (v(u) ®1).
By the proof of Lemma[3:5]again, we must have v = v(u). Therefore, the map v(-) is
surjective, i.e., v(N(A%)) = IG(G’). So, if G is cocommutative, then v(N(A%)) =
M. From this, it follows that

MPoe weNADY Z M M = C.

By Theorem (3), Na(Q1) = C. This means that Q; = (G .xA)* = a(A).
Therefore A = P. O
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Next we would like to discuss Theorem [4.9 (2) in the case where A is finite and
G is infinite-dimensional.

Let I be a (countable) discrete group and « be a minimal co-action of I (i.e., a
minimal action of G(I')) on a type II; factor A. For any v € I, define

A%(y) == fa € A: ala) = \(7) @ a}

and call it the eigensubspace of . The subspaces {A%(y)}~er played a vital part
in defining the Connes spectrum I'(a) of « in [18].

Proposition 4.10. Let ', a and A be as above. For any vy € T, the eigensubspace
A%(~) contains a unitary.

Proof. By [18] Theorem 3.17], A*(y)* A% () is o-weakly dense in A%, so that A*(7)
contains plenty of nonzero elements for any v € I'. Fix an arbitrary v € T'\ {e}.
Put
.—— a X . « «
B'{[Y* b} ra,be A% XY € A ('y)}

By using the minimality of o and the fact that A* N A%(y) = {0} (Vv # e), one
can easily verify that B is a subfactor of Ms(A) = A ® M3(C). Accordingly, the
unique tracial state on A ® Ms(C) restricts to that of B. So the projections

bo

are equivalent in B, since they have equal traces there. Hence there exists an
isometry Y € A%(«y). Since A is finite, Y is a unitary. O

Theorem 4.11. Suppose that « is a minimal, integrable action of a cocommutative
locally compact quantum group G = (M, A, p,¢) on a Il; factor A. Then A% is
reqular in A.

Proof. Since A is finite, it follows that G must be of compact type. Hence G has the
form G = G(T') for a unique (countable) discrete group I'. By Proposition IL10] ev-
ery eigensubspace A%(7) contains a unitary V(v). Clearly V() belongs to N (A%).
So it remains to show that {V ()}, er and A together generate A. But this follows
from the next two facts: (i) A is generated by {A%(v)}yer; (i) A%(y) has the form
A%(y) = A*V (y) for any v € T. O

Remark. We remark that, for a minimal, integrable action a on an infinite factor A
with A finite, the cocommutativity of G does NOT in general imply the regularity
of A®. In fact, suppose that A is a factor of type III (0 < A < 1). Take a faithful
normal state w on A with 0% = id 4, where T := —27/log A. We regard this modular
action as an action « of the one-dimensional torus T on A. It is well known that « is
a minimal (integrable) action. Note that A%, the centralizer of w, is a factor of type
IT;. Let ubein N (A%). It is easy to see that u*a, (u) lies in (A%)'NA = C. It follows
that u belongs to some spectral subspace A*(n) :={a € A: a,(a) = z"a (Vz € T)}
(n € Z) of the action a. But, according to [14} Lemma 1.6], every spectral subspace
A%(n) except A%(0) = A% contains no unitary. This shows that N'(A®) is contained
in A%. Therefore A% is not regular in A.
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5. REMARKS ON ILP’S GALOIS CORRESPONDENCE

Let o be an action of a compact Kac algebra G = (M, A, ¢, ¥) on a factor A.
In what follows, the action « is assumed to be minimal and integrable, but we do
not necessarily assume that A® is infinite.

In [7], a complete Galois correspondence for a minimal action of a compact Kac
algebra is obtained. According to [7, Theorem 4.4], the map N —— A(N) gives a
one-to-one correspondence between the lattice of right co-ideals of G and that of
intermediate subfactors of A% C A.

Proposition 5.1. The inverse map of ILP’s Galois correspondence cited above is
given by B —— N, (B).

Proof. Let L, A and & be as in the proof of Theorem [B6l Then it is easy to check
that, for any intermediate subfactor B of A C A and any right co-ideal N of G,
one has

(5.1) AN)=L®A(N),  Na(L® B) = Na(B).

(Note that any intermediate subfactor C' of A% C A has the form C = L ® B for a
unique B as above, thanks to [7, Theorem 3.9] and (the proof of) [15, Lemma 2.1].)
Therefore, by considering A instead of A itself if necessary, we may assume from
the outset that A® is infinite. Then a is dominant by [I7, Theorem 2.2] or [I6]
Proposition 6.4]. So there exists an outer action 3 of G’ on A® such that {A, a}
is conjugate to {G’g X A%, B} Hence we assume that A = (G'g x A% and o = 3.

First, by Lemma[£.6] N = N,(A(N)) for any right co-ideal N of G.

Let B be an intermediate subfactor of A C A. Choose the unique right co-ideal
Nj such that B = A(N7) by using [7]. By the result of the preceding paragraph, we
obtain A(N4(B)) = A(N4(A(N7))) = A(N1) = B. This completes the proof. O

The following proposition is regarded as an extension of [20, Theorem 3.5], where
we discussed the case of G being finite-dimensional.

Proposition 5.2. Suppose that « is a minimal action of a compact Kac algebra
G = (M, A, p,v) on a factor A with A% infinite. Then No(N(A4%)") = IG(G)",
.e., the right co-ideal of G corresponding to the intermediate subfactor N'(A%)"
IG(G)".

Proof. Let P; be the basic extension of the inclusion P := N (A%)” C A. With p the
isomorphism introduced just after Lemma Bl set Q1 := p~1(P1). By Lemma .1
and Theorem .8, we have M9C*") = N, (Q1). From this and Corollary [6.3] we
obtain MY9€) = R(MNN,(P)"). In other words, MNIG(G') = R(MNN,(P)).
Hence, by 1), we have

No(P)=Mn(MNNo(P)) =MNRMNIGG Y
=MnN(MnJIGGY JY =Mn(MnIGG) ) =IGG)".
Thus we are done. |

Remark. The above proposition may be used in order to prove Theorem [A.9lin the
case of compact Kac algebra actions.
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6. APPENDIX

Let a be a minimal and integrable action of a locally compact quantum group
G=(M,A,p,v) on a factor A. We fix a faithful normal semifinite weight w on A
and regard A as acting on H,. Denote by J,, the modular conjugation of the dual
weight @. The canonical implementation U of « associated to w is then given by
U= jw(j ® Jy). The basic extension of A% C A is denoted by A := J,(A%) J,.

Let p be the isomorphism p: G ,x A — A; that appeared in Section 3. Identity
({2)) can be rewritten in the form:

(6.1) p(A¢) @ 1) = (p®id)(U*) (¢ € M,).

Let A5 be the basic extension of A C A;. Since B(H¢) ® A is the basic extension of
a(A) C G X A, the above isomorphism p can be extended to the isomorphism, still
denoted by p, from B(H,)® A onto A,. Since B(H,)®@ AN(C® A*)' = B(H,)®C,
the equation

WT) =pTe1) (T BH,)
defines a *-isomorphism II from B(H,) onto Ay N (A%)". Since B(H,) ® AN
a(A) =M ®@C and G xAN(C® A%*) = M ® C, it follows from (6.1]) (recall that
M = {\¢) : 6 € M.}") that

(6.2) AN A =T(M), AN (A% =TI(M) = {(¢ @ id)(U*) : ¢ € M,}".
Since R(A(¢)) = JA(¢)*J = A(¢ o R), it follows from (B.I) that

(6.3) (R(2)) = JLII(2)* ], (z€M).

Lemma 6.1 (Proposition 4.4, []). For any intermediate subfactor B of A* C A,
we have

No(B) ® C=B(H,) ® AN a(B)".
FEquivalently, TI(N,(B)') = A2 N B'.
Proof. Since B(H,)®AN(C®A*)" = B(H,)®C, we see that B(H,)® ANa(B)" =
{T®1:T e B(H,), T®1e€alB) }. For T € B(H,), we have
TeleaB) « (x@&)(Toab) =(x)ad)To1)
(x € B(Hp)x, ¢ € As)
= x(T(id @ ¢)(a(b)))
)

= x((id ® ¢)(a(b))T)
(x € B(Hy)+, ¢ € Ay).

The last condition is equivalent to T being in N, (B)". O

Lemma 6.2 (Corollaire 4.5, [4]). Let B be an intermediate subfactor of A* C A.
(1) We have MNNo(B) ®C = G ox ANa(B)' , i.e., I(MNN4(B)') = AiNB'.
(2) We have No(B) @ C = (M'® C) V (GoxANa(B)), ie, AyN B =
(A2 nA) v (A1 N B).
(3) Let By := J,B'J, be the basic extension of B C A, and set By = p~Y(B1).
Then H(R(]\/J\ﬁ No(B))) = B; N (AY). In particular, B; N (C @ A®) =
R(MNN.(B))®C.
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Proof. (1) This follows from Lemma [G.1] and the identity G ,x A N (C @ A%) =
M C. N

(2) This is due to the fact that N,(B) = M N (M N N, (B)")".

(3) This follows from Part (1) and (E3). O

Theorem 6.3. Let B, B, By be as in LemmalG.A. If G is a compact Kac algebra,
then we have By = A V (B; N (A%)) and By = a(A) V R(M N N,(B)") ® C.
Moreover, Na(B1) = R(M N Ny (B)").

Proof. For w, choose a faithful normal state wy on A* and put w := wyoT,. By [7|
Theorem 3.9], there exists a (unique) conditional expectation Ep from A onto B.
Let ep be the Jones projection of B: egA,(a) = Ay(Ep(a)). So By = (AU{egp})".
Since eg € B; N (A%)’, we find that By = A V (B; N (A%)’). From Lemma [6.2] (3),
it follows that B; = a((A) V R(]\/iﬂ N,(B)) ® C. From Lemma 6, we find that
Na(B1) = R(M N Na(B)"). O
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